Using the notion of contiguity of simplicial maps, we adapt Farber's topological complexity to the realm of simplicial complexes. We show that, for a finite simplicial complex K, our discretized concept recovers the topological complexity of the realization K . Our approach is well suited for designing and implementing algorithms that search for optimal motion planners for autonomous systems in real-life applications.
Introduction
For a topological space X, let P (X) stand for the free path space on X endowed with the compact-open topology. Farber's topological complexity TC(X) is defined as the sectional category of the evaluation map e : P (X) → X × X, e(γ) = (γ(0), γ (1) ). Here we use the reduced form of the resulting homotopy invariant, namely a contractible space has zero topological complexity. Thus TC(X) + 1 is the smallest cardinality of open covers {U i } i of X × X so that e admits a continuous section σ i on each U i . The open sets U i in such an open cover are called local domains, the corresponding sections σ i are called local rules, and the family of pairs {(U i , σ i )} is called a motion planner for X. A motion planner is said to be optimal if it has TC s (X) + 1 local domains. In view of the continuity requirement on local rules, an optimal motion planner for the configuration space of a given robot gives us a way to minimize the possibility of accidents in the programing of the robot's performance in noisy environments. In short, topological complexity provides us with a topological framework for studying the motion planning problem in robotics.
Due to its homotopy nature, Farber's idea quickly attracted the attention of topologists, who began to develop the theoretical aspects of topological complexity. In particular, a number of methods have emerged to estimate TC(X) for families of spaces X. For instance, homology methods have proven to be useful (and accesible) for bounding from below TC(X), while more sophisticated (but hard to deal with) homotopy methods have been used to get upper bounds. In some cases, the power of the algebraic topology toolbox leads to the actual computation of TC(X) without, however, giving a clue about how to construct explicit motion planners. Such a characteristic of the current TC-development has perhaps been the main obstruction for the actual applicability of the TC ideas to problems arising from real-life needs.
The present paper aims at mending the above situation. Our goal is to lay the theoretical grounds for constructing (potentially optimal) motion planners through computerimplementable algorithms and heuristics. The idea is to use computational topology methods in order to replace the hard (often prohibitive) homotopy considerations for estimating TC(X) from above.
A previous attempt to discretize Farber's TC appeared in [5, Example 4.5] , where topological complexity is developed in the context of finite spaces. However, the resulting concept appears to be rigid, and in fact it fails to detect the well known equality TC(S 1 ) = 1. Indeed, the best estimate coming from Tanaka's model is TC(S 1 ) ≤ 3. In contrast, the use of the barycentric subdivision functor in our model yields a much more flexible invariant. In particular, we are able to recast the equality TC(S 1 ) = 1 in purely combinatorial terms.
Our approach is fully algorithmizable and can be implemented in a computer in order to explore the topological complexity of compact polyhedra.
Our idea rests on the observation that the sectional category of a fibration p : E → B over a CW complex B can be defined in terms of the existence of local sections of p on the elements of a covering of B by Euclidean neighborhood retracts (e.g. subcomplexes) -instead of by open sets. In particular, in the case of the fibration defining TC(X), the following result, whose proof is elementary (compare to [2, Lemma 4.21]), allows us to reduce the resulting sectioning problem to a standard homotopy problem, which will later be translated into purely simplicial terms. 
Simplicial complexity
We work with (abstract) simplicial complexes K, referred here as "complexes", and their topological realizations K . With an eye on applications, we will only care about finite complexes. In addition, the finiteness hypothesis will allow us to prove that the discretized topological complexity recasts the original topological concept.
As suggested by Lemma 1.1, we will need to consider a simplicial structure on a product of complexes in such a way that the topological realization of the product recovers the product of the topological realizations of the factors. Consequently, all complexes we deal with will be assumed to be ordered, and their product will be taken in the category of ordered complexes (see for instance [1] for the classical details on the construction). However, we stress that maps of complexes will not be required to preserve the given orderings.
The notion of contiguity of simplicial maps (see for instance [4, Chapter 3.5] ) is recast next in a form suitable for the computational applications we have in mind.
Definition 2.1. For a non-negative integer c, two maps of complexes f, g : K → L are called c-contiguous if there is a sequence of maps h
0 , h 1 , · · · , h c : K → L, with h 0 = f and h c = g, such that for each i ∈ {1, 2, .
. . , c} and for each simplex s of K, h i−1 (s) ∪ h i (s) is a simplex of L (i.e. so that each pair (h i−1 , h i ) is contiguous).
A collection C of subcomplexes of K is a cover if K = L∈C L (of course, in such a case, L∈C L = K ). For a non-negative integer b, let Sd b stand for the b-fold iterated barycentric subdivision functor, and fix a map
which approximates the identity on K × K . By abuse of notation, iterated compositions of these maps will also be denoted by ι : Sd 
The obvious monotonic sequence SC 
are 1-contiguous, as they are simplicial approximations to the inclusion
Definition 2.5. The simplicial complexity of a complex K, SC(K), is the stabilized value of the monotonic sequence (3).
We stress the fact that the equality SC(K) = SC b c (K) holds for large enough indices b and c (depending on K), so that (2) becomes
In the light of [4, Theorems 3.5.6 and 3.5.8], it is reasonable to expect that the latter inequality is sharp. This fact is illustrated in Section 3 for the circle, and is proved next in detail for any K.
Theorem 2.6. Equality holds in (4) for any finite K.
An example: the circle
We think of the circle S 1 as the realization of the complex S 1 given as the 1-dimensional skeleton of the 2-dimensional simplex ∆ 2 . Let the vertices of S 1 be 0, 1, and 2 ordered in the obvious way. The (realization of the ordered) product structure on S 1 × S 1 can be depicted as where we have only shown the subdivision of the four "squares" in (5) whose diagonal has a negative slope -but all other squares are to be subdivided in a similar way. Note that the subcomplex K 0 (whose realization is) shaded in gray in collapses to the diagonal ∆ in S 1 × S 1 , whereas the realization of the complex K 1 left unshaded deformation retracts to the antidiagonal ∆ ′ = {(x, −x)} in S 1 × S 1 . Since S 1 admits (local) motion planners both in ∆ and ∆ ′ , Lemma 1.1 (together with the properties relating homotopy maps with the contiguity classes of their simplicial approximations) yields SC(S 1 ) ≤ 1. Equality then follows from (4) . Note that in this case Theorem 2.6 holds in the stronger form SC 1 (S 1 ) = SC 2 (S 1 ) = · · · = TC(S 1 ) = 1.
